It is shown that ALFVEN waves in a collisionless plasma, permeated by an inhomogeneous magnetic field, are affected by a strong anomalous damping. This anomalous collisionless damping seems to correspond to collision-free LANDAU damping in homogeneous magnetic fields in a similar way as the anomalous viscous and Ornuic damping of ALFVEN waves propagating in inhomogeneous magnetic fields 1 corresponds to the ordinary collisional viscous and Oimic damping of ALFVEN waves propagating in homogeneous magnetic fields.
Introduction
Let us consider a plasma in equilibrium with a If both standing ALFVEN waves propagating along different field lines are at some initial time in phase, they will move out of phase as time passes. If we consider, instead of the two ALFVEN waves propagating along the two field lines, a whole assembly of waves propagating along many field lines; that is, if we consider the whole plasma as being excited by standing ALFVEN waves, then all waves belonging to different field lines will get out of phase. Since the difference in frequency will be small for waves propagating along field lines with a small spatial separation, the rule will be that, first, waves propagating along field lines well separated from each other will get out of phase, then when enough time has passed, waves propagating along field lines which are very close to each other will get out of phase. As a consequence, large velocity gradients perpendicular to the direction of the magnetic field lines, will build up in time.
In a previous paper 1 it was shown that collisions, introduced by assuming a non-zero viscosity and finite conductivity, will damp out these waves rapidly.
This anomalous viscous and Omviic damping time could become considerably shorter than the normal viscous and OHMIC damping time of an ALFVEN wave propagating in a homogeneous magnetic field, depending on the magnitude of gradient of the magnetic field perpendicular to the field line.
In order to avoid the difficulties arising from the complicated magnetic field configurations, as for instance the torus like stellarator geometry, a much simpler inhomogeneous magnetic field has been chosen from which the same effect can be derived. Such a simple field is given by:
(1.5) ALFVEN waves propagating in an inhomogeneous magnetic field of the form (1.5) will get out of phase in exactly the same manner if standing waves are chosen in between two boundaries which are perpendicular to the direction of H and which are separated by a distance /.
To simplify the analysis furthermore, we are considering only ALFVEN waves, propagating in the field given by (1.5) with a polarization of the fluid velocity vector V parallel to the z-axis. For the anomalous damping time T (the time in which the wave energy is dissipated by a factor e -1 ) an expression was derived of the form 1 : 30 r = 7i c 2 (1+4 n a v±/c 2 ) (n/Z) 2 (V« ±) 2 (1.6) In eq. (1.6) o is the electrical conductivity, vj_ the (perpendicular) kinematic viscosity, n the number of wave-nodes, and V"_L the gradient of the ALFVEN speed perpendicular to the field lines.
For an ALFVEN wave propagating in a plasma permeated by a homogeneous magnetic field, the normal damping time rn, resulting from viscosity and finite conductivity, is given by
from the comparison of (1.6) with (1.7) it follows that if ; V«L I i s large enough then r xn .
The anomalous damping time r was derived from a fluid dynamic, macroscopic model. LANDAU'S assumption of infinitely heavy ions is valid for high plasma frequencies.
In a previous paper 2 the LANDAU damping of damping. The purpose of this paper is to derive such an anomalous LANDAU damping and to discuss its significance with regard to plasma physics.
The Plasma Model
In order to describe the propagation of ALFVEN waves in an inhomogeneous magnetic field, we use a plasma model valid for low frequencies 2 . In this model the plasma is described by a BOLTZMANN-VLASOV equation with the electromagnetic body force
In ( Second, MAXWELL'S equations omitting displacement currents
From (2.3) together with (2.5) it follows as usual In the next step we linearize eq. (2.9) putting F(v, r, t) (/0(t>, r) +/(v, r, *)) (2.10) and considering / as being small of the first order; f0(V, r) is the normalized distribution function representing the undisturbed state. We further put
H(r, t) =H 0 (r) +h(r, t) (2.11)
and assume that h(r,t) is a small disturbance superimposed on H0(r). For ALFVEN waves pressure and density do not change; we have, therefore 12) describing the constancy of pressure and density which are put equal to the undisturbed values p0 and ,f>0 . We finally assume that the undisturbed plasma must obey the magnetohydrostatic equation
(2.13)
From (2.9) follows for the undisturbed plasma configuration which is fulfilled for an isothermal plasma, T = const. If the plasma is inhomogeneous with regard to one spatial direction only, say for instance the x direction, it follows that dfjdy = 3/0/3z = 0. From (2.19) then follows as the only possible solution 21) showing that /0 under the assumptions made can be a function of the velocity only.
For the following, we neglect the term
with respect to the term V-df/dr which means that the wavelength of a plasma disturbance in the direction of the inhomogeneity (the ^-direction) shall be small compared to the characteristic length 'Qol (3-ö0/3ar), over which the density changes. It was shown below [eq. (1.16) ] that the wavelength of the plasma disturbance in the direction of the inhomogeneity decreases with increasing time. As a consequence, the term (//o0) V-3i£0/3r may be neglected with increasing time.
Linearizing eq. (2.9) we thus have 
The magnetic field shall be of the form (1. (2.29)
We use the fact that ,o0 = , £>0 (x) only and that H and (v) are directed along the y and 2 axis respectively. 
Transformation into an Integral Equation
We shall now assume that our disturbed distribution function / does not depend upon z, that is, 3//3Z = 0. We make a FOURIER transform of / and (vz) with regard to y, and drop afterwards the index k on the FouRiER-transformed / respectively (t^). -u*k*(vz)p^ =<p (v,x,p) .
The constant vector V0 will be directed along the zaxis since we assume that the plasma is displaced in this direction. The initial value of the disturbance is then obviously given by f (v,x,0)=f0(v-v0)-f0(v) .
Instead of the displaced velocity distribution as given by (3.5) we can, consistent with the assumption of infinitesimal wave amplitudes, use as the initial disturbance a power series expansion of (3.6) up to the first order:
Although the initial distribution function given by (3.7) does not correspond to a uniformly displaced distribution function, it corresponds to a uniformly displaced plasma because we have for the expectation value of v,: Inserting (3.7) into (3.3) we obtain for the initial condition
To specify the initial conditions we may assume that the plasma at / = 0 is diplaced uniformly in the z-direction. With regard to the total distribution function at t = 0 this means To obtain fp for the case vx>0 we have to consider a boundary condition to be imposed upon fp . We shall for convenience assume that our magnetic field has to property
{x) . (3.18)
The natural boundary is thus the interface x = 0 with regard to which u 2 (x) is symmetric. At t = 0 the plasma is as a whole displaced uniformly in the z-direction with the consequence that only symmetric modes To obtain fp for vx>0 we must choose the constant of integration in such a way as to satisfy the boundary condition (3.19). The result is: A further simplification of (3.29) is possible by using (3.18) and the circumstance that only even modes are exited that is {vz)p{ -x}= (v2)p{x} . The first integral occurring on the right hand side of eq. (3.29) can be transformed by substituting x -> -x :
The second and third integral of the right hand side of eq. (3.29) can be combined by continuing K(x) to negative arguments so that
We therefore can write
(3.33) Using (3.30) and (3.33) we can write for (3.29) + oo +oo +00
-(V2)P = ^K(\X-X'\) (U 2 {VZ)P-
The second integral occurring on the right hand side of (3.34) can be evaluated by using the explicit form of K( x ) given by (3.32):
We thus obtain, finally, from (3.34) -(vz)p = IL (Vu) 2 Jdv (6.5)
-00
We assume furthermore, that the undisturbed distribution function f0(v) is given by a MAXWELLian being conveniently expressed by Eq. (6.5) thus takes the form
Introducing the new variables defined by (6.3) eq. (6.7) can be brought to the nondimensional form From eq. (7.2) we obtain for the FOURIER trans-, W f i star p t from ^ ^^ which we integrate over form of K(x) delta function from x = -e to x = +e, €<^1. Using the value K{0) =1 we thus obtain In order to determine <p (x) for arbitrary values of x we have to compute the integral under the exponential of (8.14). This integral has been evaluated numerically and the result of this integration is shown in the Fig. 1 , where a plot of X X f WJx) dx and f yv{x) dx -x is given.
0
One can easily show that within an error of a few precent over a range from x = 0 to x=10 this func- We, therefore, may put with sufficient accuracy in (8.14) J/F(x)aal. We thus finally obtain with very good accuracy for the W.K.B, approximation of cp (x) + ioo+e M = -^ f (».),«" dp,
Z Jl i J -ioo + e
we make the substitution of a new variable p*, p + p0 = p*, where the two signs are to be taken for the integrals over the first and second term occurring in bracket on the right hand side of (9.5). We obtain <••>-^p{W 4 rtP">-&fc [f Vr p *P" dp *-
We then use the formula 1 . f e a ? Erfc (|/o p) e* dp = a~1 /l e"^« , and obtain finally from (9.8), after inserting the values for a, ß and y:
where we introduced a damping time r given by x -4.82 (A; a co0 | X/u |) ~1 /! .
The Distribution Function
(9.4) (9.5) (9.6) (9.7) the curly (9.8) (9.9) (9.10) (9.11) (9.12)
Finally we would like to know how the distribution function changes with time. Knowing (vz)p the distribution function can be computed from (3.17) for vx<0 and from (3.20) forüx>0.
As a first approximation we may insert for (vz)p the expression given by (4.5) which is valid for a zero temperature plasma. For a warm plasma we have to use for (vz)p expression (9.5). One should expect, however, that the largest contribution to f (x,t) in a warm plasma results from inserting the value (vz)p valid for a cold plasma. Inserting the value (vz)p given by (4.5) into eqs. 
To evaluate the integrals occurring in (10.4) and (10.5) we apply the saddlepoint method. For the integral in (10.4) we can write oo oo oo
(10.8)
Expanding around this saddlepoint we have
From (10.8) it follows that for large values of t, x0' x because vx<0. We can, therefore, extend the lower limit of integration to -oo .
For the integral (10.6) we thus write For large values of t the saddlepoint is located on the negative side of the x axis, far away from the origin. Since the integral (10.16) is extended from x' = 0 to x =x, the contribution of this saddlepoint to the integral is very small. The value of the integral (10.16) is, therefore, small if compared with the value of the integral (10.14) and shall be neglected. Inserting the value of the integrals (10.6) and (10.14) into eqs. (10.4) and (10.5) we can write for the distribution function f(x,t) an expression which is valid for vx^0 in the form VX (10.22) To supplement these considerations we would like to show that even with the improved expression for {vg)p given by eq. (9.5) it is possible to carry out the inverse LAPLACE transform. The results are expressions for the distribution function given by definite integrals useful for numerical computation, if one should be interested to explore the behavior of the distribution function into further details.
We first consider the case t>j;<0 and write for fp according to In carrving out the inverse transform f(x, t) ---7 f fp e pt dp , To carry out the integration over p in the integrals resulting from the first and second term in the curly bracket of (10.24) we make the substitution of a new variable p* according to p + p0 = p\ 10.26)
